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Continuous one-qubit rotations.
Application: Refocusing.
Conditional rotations.

Phase kick-back.

The rotation-angle problem.
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Continuous Z-Rotation

Z, defines a one-parameter group:
Z, Z, = /.

67i5/2 0 efit/Z 0 efi(t+s)/2 0
( 0 eis/2> ( 0 eit/Q) = ( 0 ei(t+s)/2>

Physical implementation of Z; by a continuous process:

Time
_—_—

. @
N times, take N — oo
. 1/2 0
Zin =1—ik ( (/) _1/2) +O((t/N)?).

N
Zt = th_>00 (]1 — /L% (1(/)2 _]?/2)> — e_i(o'z/z)t

where ¢, /2 = (1/2 0

0 _1/2> is the generator for Z rotations.
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Summary of One-Qubit Gates

Gate picture Symbol Matrix form

prep (o)

meas(Z—b
01
not (1 0)
L (11
had 7 (1 _1>

e—i5/2 0
0 6'L'(§/2

cos(d/2)  —isin(6/2)
Xs <isin(<;/2) cos(6/2) >

cos(d/2) —sin(d/2)
Ys (sin(5/2) c0s(3/2) )

T
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Continuously Evolving Qubits

Network notation for continuous evolution:

|0zf2 / 90°

By default, gates are instantaneous.
Relative scale matters:

70\
T W 50°
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Continuous Rotations Around Any Axis
Rotation by § around the u axis.
rot(u,d) = cos(6/2)1 —isin(d/2)au - &
One-parameter group: rot(u, §).rot(u, €) = rot(a,d + ¢€).
Exponential form: rot(i, §) = e~ (#7/2)9,
e Why is e (#7/2)0 — cos(§/2)1 — isin(5/2)a - 5?

Use eX = 1+ X + X2/2! + X3/3! + X4/4! + . ..
and (—ia - &)k = (—i)* (4 - )~ med 2

TOC

Continuous Rotations Around Any Axis

Rotation by § around the u axis.
rot(u,d) = cos(6/2)1 —isin(d/2)a - &
One-parameter group: rot(u, §).rot(u, €) = rot(a,d + ¢€).
Exponential form: rot(i, §) = e~ (#7/2)9,
e Why is e (#7/2)0 — cos(5/2)1 — isin(§/2)a - 5?
Ja = U - 0/2 is the spin operator along .

~ [H=@9/2/ The qubitevolves \___t |

H is the with H. ...for time ¢.
Hamiltonian of
the evolution.

The Hamiltonian is applied, or is part of the qubit's dynamics.
Note units: Energy units are angular frequency, i = 1.
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Continuous Rotations Around Any Axis

Rotation by § around the u axis.
rot(u,d) = cos(6/2)1 —isin(d/2)au - &
=r

One-parameter group: rot(u, d).rot(u, €) = rot(a,d + ¢€).

Exponential form: rot(, §) = e~ (#9/2)9,
e Why is e (#7/2)0 — cos(5/2)1 — isin(5/2)a - 5?

(a 0) e 0
Oruseil.e\0 o/ —\0 ¢
2. S0 e~ 7:/2)% = cog(§/2)1 — isin(5/2)o.
3. Choose ¢ and ¢ so that rot(9, €)o.rot(d,¢) = 4 - 5.
4. UXUT=UXX... U =UXUTUXU' ... = (UXUE,
5. Ue U =U(1+ X +X?/2+...)U"
=1+ UXU" + (UXUN2/2+ ... = eUXU",
6. e~ {(#7/2)8 — rot (1, €)e =/ Dorot (i, —¢)
= rot(d,€)(cos(0/2)1 — isin(d/2)o,)rot (v, —e)
=cos(0/2)1 — isin(6/2)a - &
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Example: Spin 1/2 Qubit

e Spin 1/2 in oriented space: One particle in a superposition
of the states “up” (|1)) and “down” (||)).

%
JMagnetic moment: (4

B
Apply a magnetic field in direction —« with strength B to

cause the spin to evolve with Hamiltonian Bu.J;.
...in units where h = 1.

r e—iB,uJatlw>

[V)) =TT
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Application: Refocusing J,

e How to remove the effect of ¢.J, dynamics with ¢ unknown?

eJ,

) = @)

N
<~
~
[\
(0]
)
~
~
[\)
o |

1} logically equivalent

e, t/2 |—eJ, t/2

/

NV Vv
e—iedzt/2 giedzt/2
1} logically equivalent
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Conditional Z-Rotations

« Implementation of the conditional Z; gate, cZs"" .

)

B —
w>zaw>

Implementation with two cnots. @

2 ,.@.
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Application: Refocusing an Unknown Direction

e Remove the effect of ¢J; dynamics with ¢ and @ unknown?
x0 X0y xO g 1

ALy e e

t/4 t/4 t/4
EJf / ey, / ey / eJy

<]1 — z(t/4)( — Uy — UyJy + uzJ,
— Ug Sy + uyJy —u.J,

771

Ug Sy — Uy Sy — u.J,

Uz Sy + uyJy + uZJz> + O(t2)>

1} logically approximately equivalent up to O(¢?)
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Phase Kick-Back
Conditional rotations conditionally kick back phases.

alo) + A1) ,T\ alo) + e/24|1)
Z
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Phase Kick-Back

Conditional rotations conditionally kick back phases.

alo) + Fl) /T\ alo) + e13/2 )
) = 2(lo) + 1)) ) +)

X5 = cos(d/2)1 — isin(5/2)o,
Xs|+) = (cos(8/2) — isin(6/2))|+) = e~/2|+)

Phase kickback for any conditional operation.
Suppose that Uly) = e|y)).
o) + o) ety

P

Zs(alo) + fl1))

616/2|w>

(alo), + Bl ), | (elo) +e®Blu))lv),
— ( 7“5/2040) 4 ezé/Qﬁll zé/2|¢>B

U-
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RAP by Repeat Measurements?

Solve RAP by obtaining measurement statistics after
modified queries that rotate |o) toward |1).

} : J/ cos(5/2)|o) + isin(5/2)|1)

. . . . .. { o:prob.= cos(

" 1:prob.= sin(
I | N | ’
i

e Cannot distinguish between § and ¢ + 180°.
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The Rotation Angle Problem (RAP)

e Given: One-qubit device, a “black box”. _.
Promise: It applies Zy for some unknown 6.
Problem: Determine 6 to within e with high confidence.

Goal: Solve the problem using
0(1 log log( )) black-box applications (“queries”).
O(log( )loglog( )) one-qubit measurements.

e O(f(...)) (“order of f(...)") means
“less than C'f(...) for some sufficiently large constant C”.
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RAP by Repeat Measurements?

Solve RAP by obtaining measurement statistics after

modified queries that rotate |o) toward |1).
cos(6/2)|o) + isin(d/2)|1)

—O——O—@o— (o

sin(m/4 — §/2)|o) + cos(m/4 — §/2)|1)

{i:;:zz:iz; S
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Measurement Statistics
o:prob.= cos(§/2)?
b @ % @Q {l:pl’Ob.: sin(§/2)?
o:prob.=sin(m/4—§/2)*
b @ @ @G {Lprob.: cos(m/4—6/2)?
Caoin flip statistics for prob(1) = p, N trials:

Expectation: (p) = p.
Variance: v = p(1 — p)/N.

The probability that p is more than A away from p is
C(A) < 2e=A°N/2 Chernoff 1952 [1]

N pairs of experiments yields o

§ € 6 + 2 with probability < 2¢="/16,

e Need to improve accuracy and reduce measurement count.

16
TOC

RAP by lteration: Resources

V255 Yo(5-61)
_ L= = _
0970 /2401
I I

e Let N be the number of steps.
Let k£ be the number of measurements in each step.

Approximation: Obtain ¢ within e = 7/2V+2,

Confidence: > 1 — 2Ne~“* for some constant c;.
Confidence 1 — e~ requires

k > log(2N/c1) + C/er = O(loglog(1)).
Number of measurements: kN = O(log(2) loglog(2)).

Number of black box queries: < k2¥+1 = O($loglog(1))
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RAP by Iteration

1. [ietermine d to within /8. 5
5

Y ] 61=0
/ Bp® &—O0d- Val

|
2. Use bbZ? to determine ¢ to within +7/16.

%” (%) <6® __ﬁ»‘”
1)

0/24+6;

3. Use bbZ* to determine 4 to within +7/32.

i andsoon 05=0 /440,
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